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We analyse the unravelling of the quantum optical master equation at finite temperature due to direct, con-
tinuous, general-dyne detection of the environment. We first express the general-dyne Positive Operator Valued
Measure (POVM) in terms of the eigenstates of a non-hermitian operator associated to the general-dyne mea-
surement. Then, we derive the stochastic master equation obtained by considering the interaction between the
system and a reservoir at thermal equilibrium, which is measured according to the POVM previously deter-
mined. Finally, we present a feasible measurement scheme which reproduces general-dyne detection for any
value of the parameter characterising the stochastic master equation.
PACS numbers: 03.67.-a, 02.30.Yy, 42.50.Dv, 03.65.Yz
I. INTRODUCTION
An expedient characterisation and classification of quan-
tum measurements is central to quantum control tasks [1], es-
pecially when the optimisation of certain figures of merit is
involved [2–6]. In the context of the coherent control of quan-
tum continuous variables, consistently pursued, over the last
thirty years, since early works by Belavkin [7–9], the class of
general-dyne measurements stands out as it is associated to all
diffusive unravellings of the dynamics, i.e. to all the unravel-
lings that can be treated as multivariate quantum Wiener pro-
cesses [10–12]. Such conditional dynamics share the property
of preserving the Gaussian nature of the system’s state, and
thus allow for an extensive analytical treatment. Let us re-
mind the reader that general-dyne measurements include the
well known homodyne and heterodyne detection schemes as
special cases. In this paper, we consider a system of one de-
gree of freedom coupled with a thermal reservoir at non-zero
temperature, and derive the unravelling of the master equa-
tion enacted by general-dyne detection on the environmental
degree of freedom coupled to the system. Further, we identify
a feasible measurement scheme to perform general-dyne de-
tection, and relate it explicitly to the parameter that specifies
the general-dyne unravelling of the master equation.
Note that our treatment holds at finite, non-zero temper-
ature, which is particularly relevant to mechanical systems
where the optical master equation still applies. The cooling
and coherent control of such systems is now very much in
the limelight of research in experimental opto-mechanics and
quantum optics [13–16].
The paper is structured as follows: In Sec. II we present the
stochastic unreavelling of non-zero temperature master equa-
tion for a single bosonic mode: specifically, in Sec. II A we
derive the Positive Operator Valued Measure (POVM) of the
measurement associated with the general-dyne operator Θ,
while in Sec. II B we derive the corresponding stochastic mas-
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ter equation (SME). Finally, in Sec. III, we describe a mea-
surement scheme able to measure the general-dyne observable
Θ. We end the paper in Sec. IV with some concluding remarks
and outlook.
II. THERMAL MASTER EQUATION AND
GENERAL-DYNE STOCHASTIC UNRAVELLINGS
We consider here a quantum harmonic oscillator described
by bosonic operators [c, c†] = 1, interacting with a non-zero
temperature bath with an average thermal photon number N .
The corresponding time evolution is described by the Lind-
blad Master Equation (see, e.g., [1])
d% = Lth% dt
= (N + 1)D[c]% dt+ND[c†]% dt (1)
where D[O]% = O%O† − (O†O%+ %O†O)/2. We assume to
monitor continuously the environment on time scales which
are much shorter than the typical system’s response time, by
means of weak measurements. The dynamics will be then
described by a SME, depending on the type of measurement
performed on the bath. In this manuscript we will consider
a general-dyne measurement, which will be introduced in the
next section, along with the corresponding POVM.
A. General-dyne POVM
Given a field mode described by bosonic operators [a, a†] =
1, the so-called general-dyne detection corresponds to the
monitoring of the following (non-Hermitian) operator
Θ = a+ Υa†, (2)
where, for the sake of simplicity, we assume Υ ∈ [−1, 1] ⊂
R; in the extreme cases Υ = ±1 it corresponds to the homo-
dyne detection of respectively the ’position’ and ’momentum’
quadratures q and p, while for Υ = 0 it corresponds to hetero-
dyne detection.
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2In order to derive the eigenstates of Θ we can use the eigen-
values equation
a+ Υa†|θ〉 = θ|θ〉, (3)
where w.l.g. θ ∈ C, and we consider the canonical position
and momentum operators defined by
q = a+ a†, (4)
p = −i(a− a†), (5)
with commutation relation [q, p] = 2i. Letting |x〉 (resp. x)
be an “improper” eigenvector (resp. eigenvalue) of q, we have
the following correspondences
q ↔ x, (6)
p ↔ −2i d
dx
. (7)
In view of that we can turn (3) into an ordinary differential
equation for ψ(x) = 〈x|θ〉, namely
1
2
[
(1 + Υ)x+ 2(1−Υ) d
dx
]
ψ(x) = θψ(x). (8)
Solving this equation we obtain
ψ(x) =
[
1
2pi
1 + Υ
1−Υ
]1/4
×
× exp
−1
2
(√
1 + Υ
2(1−Υ) x−
√
2
(1−Υ2) θ1
)2
+
+i
θ2
1−Υ x
]
, (9)
where the subscript 1 (resp. 2) indicates the real (resp. imagi-
nary) part. Clearly it is
|θ〉 =
∫
dx ψ(x)|x〉. (10)
By using this equation and the completeness relation for the
position eigenstates |x〉, we notice that the POVM correspond-
ing to the measurement of the operator Θ, with outcome θ, is
given by
dΠ(θ) = |θ〉〈θ| dθ1dθ2
pi(1−Υ2) . (11)
B. General-dyne stochastic master equation
The master equation (1) is obtained by considering a har-
monic oscillator interacting by a beam splitting interaction
with a bath mode in a thermal state at non-zero temperature,
with N thermal photons on average. Let us consider at time
t the quantum state R(t) = %(t) ⊗ µ(t), where %(t) and µ(t)
represent respectively the state of the system and of the bath.
In order to describe the effect due to a continuous measure-
ment of the bath, we will follow the procedure used in Ref.
[17]. We start by transforming the bath state into a Wigner
probability distribution obtaining the operator (in the system
Hilbert space)
W˜ (t) =
∫
d2λ
pi2
TrB
[
R e{λ1(a†−α∗)−λ∗1(a−α)}
]
(12)
= Wt(α)%(t). (13)
where
Wt(α) =
1
pi(N + 12 )
exp
[
− |α|
2
(N + 12 )
]
, (14)
denotes the Wigner function of a (single-mode) thermal state
with N thermal photons.
Notice that above we have introduced the bosonic operator
a =
√
dtb(t), satisfying the commutation relation [a, a†] =
1, while the operator b(t), which describes the reservoir with
infinite bandwidth, satisfies [b(t), b†(t′)] = δ(t− t′). After an
infinitesimal time dt the state describing system and the bath
evolves as
R(t+ dt) = R(t) + dt[b†(t)c− c†b(t), R(t)] +O(dt)
(15)
= R(t) +
√
dt[a†c− c†a,R(t)] +O(dt) , (16)
which in the Wigner function picture reads
W˜ (t+ dt) = W˜ (t) +
√
dt
[
(α∗ − 1
2
∂α)cW˜ (t)−
−(α+ 1
2
∂α∗)c
†W˜ (t)− (α∗ + 1
2
∂α)W˜ (t)c+
+ (α− 1
2
∂α∗)W˜ (t)c
†
]
+O(dt) . (17)
We then consider a continuous measurement of the observable
Θ, described by the POVM (11), yielding the (unnormalised)
conditional state
W˜c(t) =
〈θ|R(t+ dt)|θ〉
pi(1−Υ2)
=
∫
d2α dx dx′ W˜ (t+ dt)×
× ψ∗(x)ψ(x′)eiα2(x−x′)δ
(
2α1 − x+ x
′
2
)
. (18)
By performing the derivatives and the integrals, we obtain
3W˜c(t) = p(θ1, θ2; t)
{
%(t) +
√
dt
θ1
1 +N(1 + Υ)
[
(N + 1)c%(t)−Nc†%(t) + (N + 1)%c† −N%(t)c] +
−i
√
dt
θ2
1 +N(1 + Υ)
[
(N + 1)c%(t)−Nc†%(t) + (N + 1)%c† −N%(t)c]} . (19)
The outcomes probability p(θ1, θ2; t) at time t is a zero-
centered Gaussian function with covariance matrix σ =
diag(L1, L2), where L1/2 = (1±Υ)(1 +N(1±Υ))/2. One
can easily check that for Υ = 1 one has
p(θ1, θ2; t) =
√
1
2pi(1 + 2N)
exp
[
− θ
2
1
2(1 + 2N)
]
δ(θ2),
(20)
which corresponds to the probability distribution for the mea-
surement of the q quadrature of a thermal state. Likewise, for
Υ = 0 one obtains
p(θ1, θ2; t) =
1
pi(1 +N)
exp
[
− θ
2
1
1 +N
− θ
2
2
1 +N
]
, (21)
which corresponds to the Husimi-Q function of the thermal
state [18], and thus to the probability distribution for ethero-
dyne detection on the bath mode.
By calculating the trace of the conditional state we obtain
the probability of obtaining the result θ = θ1 + iθ2 from the
measurement at time t+ dt,
p(θ1, θ2; t+ dt) = Trs[W˜c(t+ dt)] (22)
= p(θ1, θ2; t)
{
1 +
√
dt
L1
1 + Υ
2
〈c+ c†〉+
√
dt
L2
1−Υ
2
〈i(c† − c)〉
}
+O(dt) . (23)
This result allows us to consider the two variables θj as Gaus-
sian random variables
√
dtθ1 =
1 + Υ
2
〈c+ c†〉(t)dt+
√
L1 dw1 (24)
√
dtθ1 =
1−Υ
2
〈i(c† − c)〉(t)dt+
√
L2 dw2 (25)
where we define the uncorrelated Wiener increments s.t.
dw2j = dt and dw1dw2 = 0. After having obtained the nor-
malized conditional state by using the formula
%c(t+ dt) =
W˜c(t+ dt)
p(θ1, θ2; t+ dt)
, (26)
and by using the relations (24) and (25), one obtains the SME
d%c(t) = %c(t+ dt)− %c(t)
=
1 + Υ
2
dw1√
L1
H[(N + 1)c−Nc†]%c(t) + 1−Υ
2
dw2√
L2
H[(N + 1)(−ic)−N(ic†)]%c(t) +O(dt) . (27)
The equation reported here is the most general unravelling of
the thermal master equation, corresponding to general-dyne
detection of the mixed thermal bath, if no (partial or total)
purification of the bath is accessible. By setting Υ = 1 we
obtain the SME corresponding to continuous homodyne mea-
surement of the q quadrature of a thermal bath [1],
d%c(t) =
dw1√
(1 + 2N)
H[(N + 1)c−Nc†]%c(t) +O(dt) .
(28)
Analogously, by setting Υ = 0 we obtain the SME corre-
4sponding to continuous etherodyne detection,
d%c(t) = H[(N + 1)c−Nc†]%c(t) dw1√
2(1 +N)
+
H[(N + 1)(−ic)−N(ic†)]%c(t) dw2√
2(1 +N)
+O(dt).
(29)
This general SME can be also used to investigate the useful-
ness of continuous-measurement (and feedback) for practical
purposes, as the generation of continuous-variable entangle-
ment and squeezing. In [5] it was proven that high value of
squeezing could be obtained by means of continuous measure-
ment and feedback for a system whose evolution is described
by the thermal master equation (1); in particular the bound on
the variance for a certain quadrature reads
∆x2 ≥ 1
2N + 1
, (30)
which decreases, and thus yields a larger degree of squeez-
ing, by increasing the temperature of the bath. However one
can prove that, by varying Υ in the whole range of values
[−1, 1] the bound on the achievable squeezing cannot be sat-
urated and the achieved steady state is always a thermal state
with N average photons. This clearly shows that, when the
bath is in a mixed state, one cannot achieve the ultimate bound
on squeezing (and entanglement, in the multipartite case), by
direct general-dyne detection of the environmental degrees of
freedom. More general Gaussian measurements, obtained by
adding entangled ancillary modes, are in order to that aim.
%
|0ih0|
a
v
a’
v’
T
qa’
pv’
FIG. 1: Measurement scheme for general-dyne detection: the quan-
tum state % (mode a) is coupled to the vacuum (mode v) at a beam
splitter with transmissivity T . On the output modes a′ and v′, homo-
dyne measurements of the quadratures qa′ and pv′ are performed.
III. GENERAL-DYNE MEASUREMENT SCHEME
We here present a feasible measurement scheme based on
linear optics elements and homodyne detection able to mea-
sure the observable Θ = a + Υa†. We start by reviewing the
double-homodyne scheme depicted in Fig. 1. The quantum
state to be measured % is mixed with a vacuum state at a beam-
splitter with transmissivity T = cos2 φ. In this section the
bosonic operators a and v will correspond respectively to the
input system, prepared in the state %, and to the ancillary sys-
tem prepared in the vacuum state. Equivalently, the bosonic
operators a′ and v′ will describe respectively the transmitted
and reflected arms. After the beam splitter interaction, a joint
measurement of the two following quadrature operators is per-
formed
qa′ = a
′ + a′† = cosφ qa − sinφ qv
pv′ = −i(v′ − v′†) = sinφ pa + cosφ pv.
One can easily prove that this joint measurement is permitted
as the two operators commute, i.e. [qa′ , pv′ ] = 0. Let us
first consider the case of a balanced beam-splitter, i.e. φ =
pi/4. The joint measurement of qa′ and pv′ corresponds to the
measurement of the non-hermitian operator Z = qa′ + ipv′ =
a − v†. One can prove that the eigenstates of this operators
have the form
|z〉〉 = D(z)|1〉〉 (31)
where D(z) = exp{za† − z∗a} is the displacement operator
and |1〉〉 = ∑n |n〉|n〉 is the un-normalized maximally en-
tangled state, superposition of correlated Fock states |n〉. It is
known that the probability of obtaining the result z = z1 +iz2
p(z) = Trav[%⊗ |0〉vv〈0||z〉〉〈〈z|]
= Tra[%|z〉〈z|] (32)
where |z〉 = v〈0|z〉〉 is a coherent state s.t. a|z〉 = z|z〉.
We have basically shown the well known result that (balance)
double-homodyne detection correspond to the projection over
coherent states |z〉 = D(z)|0〉.
In the following, inspired by this result, we will show that
varying the beam-splitter transmissivity, i.e. by varying the
angle φ, we will implement the measure of the non-hermitian
operator Θ introduced in Eq. (2).
By denoting with R(φ) = exp{φ(a†v − av†)} the beam-
splitter operation, and with respectively |q〉 and |p〉, the eigen-
states of the corresponding quadrature operators, we can write
the probability of measuring the complex number θ as
p(θ) = Trav[%⊗ |0〉vv〈0|R†(φ)|q〉〈q| ⊗ |p〉〈p|R(φ)]
= Trav[%⊗ |0〉vv〈0|R†(φ˜)|z〉〉〈〈z|R(φ˜)] (33)
where φ˜ = φ−pi/4, and we have used the result shown above,
i.e. that for φ = pi/4 the measurement correspond to project-
ing to the eigenstates |z〉〉. By tracing on the ancillary system
we have
p(θ) = 〈θφ|%|θφ〉 (34)
where
|θφ〉 = v〈0|R†(φ˜)|z〉〉
= v〈0|D(z cos φ˜)⊗D(z sin φ˜)R†(φ˜)|1〉〉 . (35)
5We want to show that by properly choosing φ, the state |θφ〉
here derived is eigenstate of the operator Θ = a+ Υa†.
By observing that |1〉〉 = lims→∞ S2(s)|0〉, with S2(s) =
exp{(s/2)(av − a†v†)}, i.e. it is a two-mode squeezed vac-
uum state with infinite entanglement, we can use the Gaussian
formalism in order to derive a more useful parameterisation of
the state |θφ〉.
The covariance matrix of the state |1〉〉 is
σ0 = lim
s→∞
(
cosh(2s)12 sinh(2s)σz
sinh(2s)σz cosh(2s)12
)
, (36)
with σz = diag(1,−1). After applying the beam-splitter
and displacement operations, the state |ψ〉 = D(z cos φ˜) ⊗
D(−z sin φ˜)R†(φ˜)|1〉〉 is a Gaussian state characterized by a
first-moment vector
Xin =
(
X
(a)
in
X
(v)
in
)
(37)
where
X
(a)
in =
( √
2z1 cos φ˜√
2z2 cos φ˜
)
X
(v)
in =
( √
2zR sin φ˜√
2zI sin φ˜
)
; (38)
analogously the covariance matrix can be evaluated as
σ1 = Sφ˜σ0S
T
φ˜
=
(
A1 C1
C1 B1
)
, (39)
where
Sφ =
(
cosφ12 − sinφ12
sinφ12 cosφ12
)
(40)
is the symplectic matrix corresponding to the beam-splitter
evolution R(φ).
By partially projecting the state |ψ〉 on the vacuum state as
in Eq. (35), one still obtains an output Gaussian states |θφ〉,
whose first-moment vector and covariance matrix can be eval-
uated as
Xout = X
(a)
in + C
T
1 (B1 + 12)
−1X(v)in , (41)
σout = A1 − C1(B1 + 12)−1CT1 . (42)
By also taking the limit for s that goes to infinity, one obtains
Xout =
(
z1/
√
T
z2/
√
1− T
)
, (43)
σout = diag
(
1− T
T
,
T
1− T
)
(44)
where T = cos2 φ. Being a pure Gaussian state, we can
parametrize it as a displaced squeezed vacuum state |θφ〉 =
D(β)S(r)|0〉, where S(r) = exp{(r/2)(a2 − a†2)} denotes
the squeezing operator, and
β =
z1√
2T
+ i
z2√
2(1− T ) , (45)
r = log
√
1− T
T
. (46)
If we now apply the operator Θ = a + Υa† to the state, we
have
Θ|θφ〉 = (β + Υβ∗)|θφ〉+ (ν + Υµ)D(β)S(r)|1〉 (47)
where we have defined µ = cosh(2r), ν = sinh(2r), and we
have used the relation S†(r)aS(r) = µa+νa†. By observing
the just derived Eq. (47), it is clear that the state |θφ〉 is an
eigenstate of the operator Θ if the condition ν + Υµ = 0 is
fulfilled. One can easily show that this corresponds to choose
the transmissivity of the beamsplitter as
TΥ = cos
2 φΥ =
1 + Υ
2
. (48)
In particular in this case we have Θ|θφ〉 = θ|θφ〉, where the
eigenvalue reads
θ = β + Υβ∗ = z1
√
1 + Υ + iz2
√
1−Υ .
We also observe, that by considering the measurement scheme
presented, the following relation between the mean-values of
the operators
〈Θ〉 = 〈a+ Υa†〉
= 〈qa′〉
√
1 + Υ + i〈pv′〉
√
1−Υ (49)
showing that, operationally, in order to obtain the desired
value of observable Θ, one has to measure the operators
qa′ and pv′ , and then multiply the outcomes by respectively√
1 + Υ and
√
1−Υ.
IV. CONCLUSIONS AND OUTLOOKS
We have derived the stochastic master equation correspond-
ing to continuous general-dyne measurements on a thermal
bath interacting with a single bosonic mode. The general form
of the equation allowed us to obtain the unravelling due to
homodyne and heterodyne detection as special cases. Given
the great interest shown in the recent years in the control of
bosonic systems as in mechanical oscillators and microwave
resonators, where the temperature of the bath cannot be ne-
glected, our results will allow one to assess the usefulness of
continuous measurement and feedback for cooling and quan-
tum state engineering for these set-ups.
It would be interesting to extend our analysis to thermal
unravellings which include the possibility of monitoring
ancillary modes corresponding to a (partial or complete)
purification of the bath.
6After acceptance of this work we became aware of Ref.
[19], where the authors give a completely general characteri-
zation of multi-mode general-dyne detections in terms of lin-
ear optics and homodyne measurements, including the results
described in Sec.III.
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